CS 395 — Analysis of Algorithms

Chapter 2 — Fundamentals of the
Analysis of Algorithm Efficiency
Read 2.2
Asymptotic Notations and Basic Efficiency Classes.
Big-O notation, Big-Omega notation, Big-Theta notation

DYNAMIC
PROGRAMMING SELUNG OW EBAY:
ALGORTTHMS: o(1)

O (n*2")
STILL WORKING
ON YOUR ROUTE?




Useful summation formulas and rules

IO I [ O (P
In particular, 2,;_ 1=n-1+1=n € O(n)

Ycinl = 142+ - +n = n(n+1)/2 = n*2 € O(n?)

Y cicnl® = 12422+ - +n* = p(n+1)(2n+1)/6 = n°/3 € O(n?)

Yocipd =1+a + -+ a” = (@ -1)/(a-1) forany a =1
In particular, ¥,_,_,2" =2°+ 21+ ... + 27 =271 _ | € ©(2")

2(a;xbh;))=2a;£2h; Zca;=cXa; i 0; =Ziiemit Zoi1<icdi




Weekly Assignment 3

YT m
Implement a recursive algorithm for computing 2" for any

nonnegative integer n that is based on the formula 2 =
2@-1) 4 2(@-1)

How many times is this function called for input n?



Recall from Last Lecture

rY m
Assume that T, fand g are functions mapping the natural numbers
10, 1, 2, 3, ...} into the positive reals.

Definition: “Big Oh” A function T(n) is in O(f(n)) if there exist
constants n, = 0, and ¢ > 0, such that for all n = n,, T(n) <c *
f(n).

Definition: “Omega” A function T(n) 1s m 2(f(n)) if there exist
constants n, = 0, and ¢ > 0, such that for all n = n,, T(n) =c¢ *
f(n).

Definition: “Theta” The set 0(g(n)) of functions consists of
Q(g(n)) m O(g(n)).
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Definition: “Big Oh” A function T(n) is in O(f(n)) if there
exist constants n, > 0, and ¢ > 0, such that for all n > n,, T(n)
<c * f(n).

If you need to prove f(n) is O(g(n)), it is sufficient to
identify the n, and c so that the inequality holds.

d] Choose a value for one of them (usually 1)
) Then find the minimum value for the other.

Try these yourself:
4l 5x2-3x+7 € O(x?)
8l x*0 e O(x!)

&) log(x) € O(x)

& f(x) € O(f(x))



Definitions

T'he following slides say exactly the same thing!

Find the one that makes sense to you and think of it that way
... but you need to know how to prove it both from the definition
and from limits for the mid-term.




Asymptotic order of growth

rrs

Y'Y m
A way of comparing functions that ignores constant factors and
small input sizes

O(g(n)): class of functions f{(») that grow no faster than g(»)

o(g(n)): class of functions f(7) that grow slower than g(r)

O(g(n)): class of functions f(») that grow at same rate as g(n)

0(g(n)): class of functions f(r7) that grow at least as fast as g(n)

o(g(n)): class of functions f(») that grow faster than g(»)




Asymptotic order of growth

t(n) is o(g(n))

t(n) is Q (g(n)

t(n) is o(g(n

Limits:

0->BigOorC

C -> big Theta

Infinity -> Big Omega or C



Assume that f and g are functions mapping the natural numbers {0, 1,

I

2,3, ...} into the positive reals.

Definition: “Big Oh” A function f(n) is in O(g(n)) 1

constants n, > 0, and ¢ > 0, such that for all n > n,, f(n)

Definition: “Little Oh” A function f(n) is o(g(n)) if real
, there exists an integer constant n, > 1 such that 0 <

f(n) < c*g(n).

Definition: “Big Omcga A function t(n) is in Q(g(n)) if
constants n, > 0, and ¢ > 0, such that { ‘
Definition: “Little ()mcg A tunumn t( n) 1s o(

, there exists an inte (c er constant n, =

n)) if
> | such that f(n) >

O
“ g(n) = 0 for every

Definition: “Theta” The set 6(g(n)) of functions consists of £2(g(n))

<: O(g(n)).
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An isomorphic way of thinking of it:

O(g(n)): f(n) = g(n)

0(g(n)): f(n) < g(n)

O(g(n)): f(n) < g(n) and f(n) = g(n)
therefore f(n) = g(n)

Q(g(n)): f(n) = g(n)

o(g(n)): f(n)> g(n)
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Some properties of asymptotic order of growth

I

f(n) € O(f(n))

fn) € O(g(n)) iff g(n) eQ(f(n))

It f(n) € O(g(n)) and g(n) € O(h(n)) , then f(n) € O(h(n))
Note similarity with a <b

If f1(n) € O(g,(n)) and f5(n) € O(g,(n)) , then
fi(n) + f5(n) € O(max{g;(n), g,(n)})
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Orders of growth of some important functions

All' logarithmic functions log,» belong to the same class
®(log n) no matter what the logarithm’s base a > 1 is

All‘polynomials of the same degree k belong to the same class:
an“ta nt+... +a,e 6

Exponential functions ¢” have different orders of growth for
differenta’s

order log n <order n* (0>0) <order a” < order n! <order n”

Log, X = Log, x/Log, b
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Is3x2+2x+4 € 0(x%)?

Assume that T, fand g are functions mapping the natural
numbers {0, 1, 2, 3, ...} into the positive reals.

Definition: “Big Oh” A function T(n) is in O(f(n)) if there
exist constants n, > 0, and ¢ > 0, such that for all n > n,, T(n)

Definition: “Theta” The set 6(g(n)) of functions consists of
Q(g(n)) N O(g(n)).

Now lets prove it using limits
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Is 4n'! + 6 nlog n € O(n'1)?

Assume that T, fand g are functions mapping the natural
numbers {0, 1, 2, 3, ...} into the positive reals.

Il

we

Definition: “Big Oh” A function T(n) is in O(f(n)) if there
exist constants n, > 0, and ¢ > 0, such that for all n > n,, T(n)
<c¢ * f(n).

Definition: “Omega” A function T(n) is in 2(f(n)) if there
exist constants n, > 0, and ¢ > 0, such that for all n > n,, T(n)
>c¢ * f(n).

Definition: “Theta” The set 0(g(n)) of functions consists of
Q(g(n)) N O(g(n)).
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What is wrong with this proot?

O(n?) is O(n).
Proof:
Pickn,=0
For each n, pick ¢ = n.
Then n®> <= cn.

Fallacious Arguments About Big-Oh

The definition of “big-oh” is tricky, in that it requires us, after examining T (n) and
f(n), to pick witnesses n0 and ¢ once and for all, and then to show that T (n) <= cf(n)
for all n >=n0. It is not permitted to pick ¢ and/or n0 anew for each value of n.

For example, one occasionally sees the following fallacious “proof” that n2 is O(n).
“Pick n0 = 0, and for each n, pick ¢ =n. Then n2 <= cn.” This argument is invalid,

because we are required to pick ¢ once and for all, without knowing n.
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Values of some important functions as n — o

n |logpn n  nlg,n n? n° 2 n!

10 33 10 3.310" 104 10° 10° 3.6-10°
102]| 6.6 102 6.610°2 10° 10° 1.310%° 9.3.10%7
10°] 10 10° 10104 1068 10°

104 13 104 1.310% 108 1012

105 17 10° 1.7.10% 1010 101

106 20 108 2.0107 102 108

Table 2.1 Values (some approximate) of several functions important
for analysis of algorithms




Best-case, average-case, worst-case

For some algorithms efficiency depends on form of input:
Worst case: €, (7)) — maximum over inputs of size n
Best case: Cpest(17) — minimum over inputs of size n

Average case: C, .(n)— “average” over inputs of size n
Number of times the basic operation will be executed on typical input
NOT the averagce of worst and best case

Expected number of basic operations consideredas a random variable
under some assumption about the probability distribution of all
possible inputs
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Example: Sequential search

ALGORITHM  SequentialSearch(A[0..n — 1], K)
//Searches for a given value in a given array by sequential search
/[Input: An array A[0..n — 1] and a search key K
//Output: The index of the first element of A that matches K
I or —1 if there are no matching elements
i<0
while i < n and A[i]# K do
i <—i+1
ifi <nreturni
else return —1

Worst case

Best case

-l‘
mm ' Average case
T

=
-

Worst: Not in the array = n
Best: First element = 1
Average: Mostly in the array=n/2. Mostly not found: n
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How many times will this function prinﬁ ’

void printlt()

{

for(inti= 0; i<10; it++)
J
1

printf(**Hi\n”);

1
J

printlt() € O(1)

'Y m
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How many times will this function prinﬁ ’

void printltN(int n)

{

for(inti= 0; i<n; i++)
{

printf(**Hi\n”);

1
J

printltN(int n) € O(n)

'Y m
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How many times will this function prinﬁ ’

YT m
void printltLots(int n)

{

for(inti= 0; i<n; i++)

{
for(int j = 05 j<n: j+1)
f

|
printf(“Hi\n”); printItLots(int n) € O(n?)

1
J
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How many times will this function prinﬁ ’

YT m
void printlitMedium(int n)

{

for(inti= 0; i<n; i++)
{

for(int j = 05 j<i; j++)

{
1
printf(“Hi\n”); 0+142+...4n-1 = n(n-1)/2
1
’ printltMedium(int n) € O(n?)
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What is the complexity of myProgram‘.; T

'Y m

void main(int arge, char® argv]|)

{

int n = atoi(argv[1]);

printlt();
printlt(n);

printltLots(n);
printltMedium(n);

myProgram € O(2n?> +n+ 1)
myProgram € O(n?)
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Example: Sequential search

ALGORITHM  SequentialSearch(A[0..n — 1], K)

//Searches for a given value in a given array by sequential search
/[Input: An array A[0..n — 1] and a search key K
//Output: The index of the first element of A that matches K
I or —1 if there are no matching elements
i <0
while i < n and A[i]# K do
i«<i+1
ifi <nreturni

else return —1
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What number am I thinking?

I am thinking of a number between 1 and 1000.
For each guess, I will tell you higher or lower.

Use the fewest number of guesses.

int numberGuesser(int lowerBound, int upperBound)

J
Ll

int guess = (upperBound-lowerBound)/2 + lowerBound
if(right(guess) {return(guess)|

else if(lower(guess)) {return(numberGuesser(lowerBound, guess));}
else {return(numberGuesser(guess, upperBound))}

numberGuesser() € O(logn)

27
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Is n? € O(n!) oris n! € O(n?)

n
n! is off to a good start!
n?® takes the lead

n! regains the lead.
Does it last?
lim n*/n!

Could use Stirling's formula, but
n! >=n(n-1)(n-2) for n>=3
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Values of some important functions as n — o

n |logan n nlog,n n?  n° 2 n!

10 33 10 3310 104 10° 10° 3.6-10°
102]| 6.6 102 6.610°2 10° 10° 1.310%° 9.3.10%7
10°] 10 10° 10104 1068 10°

104 13 104 1.310% 108 1012

105 17 10° 1.7.10% 1010 101

106 20 108 2.0107 102 108

Table 2.1 Values (some approximate) of several functions important
for analysis of algorithms

Think it through
Is 30 € O(2)

Find the limit of (2/3)*n



linear

n log n n-log-n or linearithmic

n* quadratic

exponential

factorial

Below the red line the algorithms are NP hard.
NP stands for "nondeterministic polynomial time".
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Weekly Assignment w4

Implementing the algorithm given below for Gaussian
elimination.
ALGORITHM  GE(A[0.n - 1, 0.n))
/nput: An n x (n + 1) matrix A[0..n = 1, 0..n] of real numbers
fori <0ton-2do
for j «i+1ton—1do
fork<itondo
A[j k] — A[j k] - A[i. k]* A[j i]/ A[i. i]
Use the saved
value here

What is wrong with this algorithm from the book?

We better save A[j,i] here

Limits:

0->BigO

C -> big Theta
Infinity -> Big Omega
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