CS 395 — Analysis ol Algorithms

Chapter 4 — Decrease-and-Congquer:
Read 4.4 & 4.5

Decrease-by-a-Constant-Factor Algorithms
BINaR/ Seanch
Fake ComRroniem

Russian Peasant Multiplication — Up coming weekily
assignment

\ariable-Size-Decrease Algorithms

Median and Selection Problem
[L.omuto Partitioning
QuickSelect



[Decrease-by-Constant-Factor Algorith n;s’ f

In this variation of decrease-and-conguer; Instance
Size IS reduced by the same factor (typically, 2)

Examples:
. Pinary search and the method of:bisection

. eXponentiation by squaring
. multiphcation a la’Russe (Russian peasant method)
. fake-coin puzzie

. Josephus problem
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Binary Search

\/ery efficient algorithm for searching in Sortec array:

K
0"

_.-'5.[1}] o Alm — l.l- Alm] _A[m +1]... Aln — 1]

_—, i

search here if search here if
K <=A|m] K=A[m]

m = middle element of the array

I K= A[m], stop (sticcesstul search)s;
otherwise, continue searching by the same method in

- m
- m
O

A0 m-1] it K< Alm] and in
Alm+L. n-1] it K> Alm]

Can be implemented both recursively and iteratvely



Binary. Search 'Yy

Example:
ILet’s search for K = 70 in this sorted array

8 9 10 11 12

value

iteration |
iteration 2

iteration 3
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Binary: SearchiRPseucdococe

ALGORITHM BinarySearch(A|0.n — 1], K)

[Mmplements nonrecursive binary search
/Mnput: An arrayv A|0..n — 1] sorted in ascending order and
I a search key K
AOutput: An index of the array’s element that 1s equal to K
I or —1 1f there 1s no such element
[~ r+—n-1
while | < r do
m+— [({+r)/2]
if K = Alm|return m
else if K < Alm| r —m —1
elsel —m+1
return —1




AnalysisiofBinary Search ¥y,
Preview of Master Theorem
T (n) =aT (n/b) + nd

Tiime efficiency.

WOIST-CaSe FECULFENCE: )
Cw (n) =1+ CW( Ln/ZJ ), B B (n?) if a < b9,
CW (1) =1 I'(n) € 'E'{:ﬂd logn) ifa= B,

- - | 0y p . d
solution: C,(n) = [og,(n+1) ] QMm% ifa > b

Thisis VERY fast: e.g., C,(10°) = 20
Optimal for searching a sorted array.

LLimitations: must be a sorted array (not linked list)
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Fake-Coin Puzzle (simpler Version) Y

rra
'here are n identically looking coins one ofiwhnich is fake.

There Is a balance scale but there are no wWeights; the scale
can tell Wwhether two sets oficoins Weigh the same and, If
not, Which ofithe two Sets IS heavier: (but not by how much).

[Design an efficient algorithm for detecting the fake coin

AssUme that thefake cormis known to: belighter than the
genuine ones




Fake-Coin Puzzle - Pseudocode

[Decrease by factor 2 algorithm

ALGORITHM FakeCoin2(A[0.n - 1])
/A decrese-by-factor-2-and-conquer algorithm for the Fake Com problem
/Tnput: An array A[0_n - 1]) of n coins
//Output: Identification of the fake comn
if (n=1)
return (the coin 1s fake)
else // divide the coins into two piles of n/2 comns each. leaving one extra coin 1f n 15 odd
Al — ceiling(n/2)
A2 — ceilling(n/2)
weigh 47 and 47
if (Al =42)
if (there was one extra coin)
return (this extra coin 1s fake)
else if (4] =A42)
FakeCoim2(AI)

else

FakeCoin2(A2)




Fake-Coin Puzzle - Pseudocode

[Decrease by factor 3 algorithm

ALGORITHNMI FakeCoin3(A[0..n - 1])
/A decrese-by-factor-3-and-conquer algorithm for the Fake Coin problem
/Input: An array A[0..n - 1]) of n coins
HOutput: Identification of the fake comn
if (n=1)
return (the coin 1s fake)
else // divide the coins into three piles of n/3 coins each
Al «+— ceilling(n/3)
A2 +— ceiling(n/3)
A3 — n—(2 * ceiling(n/3))
weigh 47 and 42
if (A1 =A42)
FakeCoin3(A3)
else if (47 = A7)
FakeCoin3(AI)
else

FakeCoin3(A2)




Analysis ofi Fake Coin Algorithms el

rra

Jime efficiency.
Factor-2 Algorithm
Number of:werghings \W(n) for \\orst-case:

Winy=W(|ln/2])+1 forn=1 W(l)=0.

Win) = |log, n].

Factor-3 Algorithm
\W(n) = log; n
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Russian Peasant Multiplication
r'rs

Tihe problem: Compuite the product of two PosItive s

INtegers

Can be solved by a decrease-by-halfralgorithm based on
the followang formuias.

FFor even values of n:

n*m:%*Zm

For odd values of n:

n>m = n;1"‘2m+m it n>1

mifn=1 ’



Example off Russian Peasant Multiplication

MUITGRISESONN6S

(+130)

(+1040)
(130 4+ 1040y = 3250

(a)

N
-
T ’
= to odd n’s.
—~ 12



Pseudocode

ALGORITHM MuitiplvAlaRusse(n, m)
/MMultiplies two integers

//Input: two integers

/{Output: multiplication of the mput

if (n=1)
return m
else if (%2 =10)
return MultiphvAlaRusse (n/2, m*2)

else
return m + MultiplvAlaRusse (n/2. m*2)
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\ariable-Size-Decrease Algorithms '

rVru
In the variable-size-decrease variation of decrease-and-
CONQUET; INStance Size reduction varies from one iteration to
another

Examples:
Euclid’s algorithm for greatest common divisor
partition-based algorithm for: selection problem
Interpolation search
some algorithms on binary search trees
Nim and Nim-like games
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Selection Problem
1.
Find the k-th smallest element in a list of n numibers

k=1 - Smallest element
k=n - lLargest element

median: k= n/2|
Examples 4, 1, 10, 9, 7, 12, 8, 2, 15 median = ?

The median 1s used in statistics as a measure of an average
valuie of:a sample. In fact, It 1s a Petter (IMore rooust)
Indicator: than the mean, Whichiis used for: the same
PUIKPOSE.
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Algorithms for the Selection Problem

1'he sorting-based algorithm: Sort and return the K=th

element
Efficiency (if:sorted by Mergesort): ®(nlog n)

A faster algorithmiis based on the array partitioning:

Assuming that the array Is indexed firom 0 to'n-1 and's s a
split position obtained by the array partitioning:
Ifis = k-1, the problemiis solved;

If's > k-1, look for the k-thismallest element in the left part;
If's < k-1, look for: the (k-s)-th smallest element in the right part.

Note: Tihe algorithm can simply. continue until's = k=1.

111
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Two Partitioning Algorithms
f11.
['here are two principalways to parttion an array:

@One-cirectional scan (Iomuto’s partitionmng algorithmy)

dWwo-directional scan (Hoare’s partitioning algorithm)
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LLomuto’s Partitioning Algorithm
1.
Scans the array left to right maintaining the array’s
partition into three contiguous sections: < p, = p, and

unknown, Where pis the value ofithe first element (the
partition’s pivot).

Oneaciteration the UnKNOWN SECHIONM ISICIECKEASECNON ONE
element until it’s empty and a partition is achieved by
exchanging the pivot wath the element in the split position:s.

18



Lomuto’s Partitioning Algorithm

ALGORITHM LomutoPartition(All..r])

/[Partitions subarray by Lomuto’s algorithm using first element as pivot
/lInput: A subarray A[l..r] of array A[0)..n — 1], defined by its left and right
i indices / and r (I < r)

//Output: Partition of A[/..r] and the new position of the pivot

p < All]

5 «— |
fori —/{+1tordo
if A[i] < p
s —s+1; swap(A[s], Ali])
swap(A[l], A[s])
return s

| Yy
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QuicksSelect Algorithm

ALGORITHM  Quickselect(A[l..r], k)

/lSolves the selection problem by recursive partition-based algorithm
/fInput: Subarray A[l..r] of array A[0..n — 1] of orderable elements and
/f integerk (l<k<=r—-1+1)

[{Output: The value of the kth smallest element in A[l..r|

s < LomutoPartition(A[l..r]) /Jor another partition algorithm
if s =k — 1 return A[s]

else if s = [ + k — 1 Quickselect(A[l..s — 1], k)

else Quickselect(Als + 1.r], k—1—5)
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Example
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QuickSelect

Time Efficiency

Ches(n) =n — 1€ O(n).

CoorsiiM) ==+ =2)4---+1=n—"1n/2cOm*)
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