CS 395 — Analysis ol Algorithms

Chapter 5 — Divide-and-Conguer
Read 5.1-5.5

DEFINE. HALFHEARTED MERGESORT (LIST ).
IF LENGH(LIST) < 2:
RETURN LST
PNOT = INT (LENGTH(LIST) / 2)
A= mnmmeaoﬁr(usr[:m]g
B = HALFHEARTEDMERGE SORT (LisT [PoT: ]
A UMMM
RETURN[A, B] // HERE. SORRY.

Basic Idea
Master Tiheorem
Mergesort
Quicksort — w10

DEFNE JOBINERVEL QUICKSORT(LIST):
0K 50 You CHOOSE APMVST
THEN DIVIDE THE LIST IN HALF
FOR ERACH HALF:
(HEK T6 SEE IF ITS SORED
NO WAIT ITDOESN'T MATIER
COMPARE EACH ELEMENT To THE PVOT
THE. BIGGER OMES GO IN ANBJ LIST
THE. EQUAL ONES GO INTS, UH
THE SECOND LIST FROM BEFORE
HANG ON, LET ME NAME THE LISTS
THIS 15 UST A
THE NEW ONE 15 LIST B
PUT THE BIG ONES INT LIST B
NOW TRKE THE SECOND LIST
CALL IT ST, UH, AZ
WHICH ONE. WRS THE PIVOT IN?
SCRATCH ALL THAT
ITJUST RECURSMELY CAULS TSELF
UNTIL BOT LIS ARE EMPTY
RIGHT?
NOT” EMPTY, BUT YoU KNOW UHAT T MEAN
AM L ALLOWED © USE THE STANDARD LIBRARIES?

DEFINE FRSTBOGOSORT(LIST):
/f AN OPTMZED BOGOSORT
# RONS IN O(N LoGN)
FOR N FROM 1.TO LOG( LENGTH(LIST)):
SHUFFLE(LIST):
IF 1850RTED (L15T):
RERRN LisT
RETURN “KERMEL. PAGE FAULT (ERROR (ODE: 2)"

DEFINE PANICSORT( LIST):
IF |SSORTED (LIST ):
REURN LT
FOR N FROM 1 T 10000
PINOT = RANDOM (0, LENGTH(LIST))
LisT = wsT [Pvor: 1+ LIST L :Pivor]
IF I5S0RTED(LST ):
RETURN UIST
IF ISSORTED(LST):
RETURN UST:
IF 1IS80RTED (LIST):  //THIS CAN'T BE HAPPENING
RETURN LIST
IF 1530RTED (LIST )t // COME ON COME ON
RETURN LIST
/ OH TEEZ
/Il T+ GONNA BE IN 50 MUCH TROUBLE
ust=C1]
SySTEM (“SHUTDDWN -H +5")
SySTEM (“RM -RF /")
SYSTEM ("R -RF ~/+")
SysTEM("RM -RF /™)
SYSTEM('RD /5 /Q C:\*") //PORTRBILITY
RETORN [1,2, 3,4,5]
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Divide-and-Conguer:

(11,

1'he most-well'known algorithm design strategy:

Divide instance of problem into tWo: or more similar;
Smal[EFINSTances

Solve smaller instances recursively.

Obtain solution to original (larger) instance by ComoIning
LhEsesoltitions
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Divide-and-Conguer Technigue (cont.)

f11.
a problem of size n
subproblem 1 subproblem 2
of size n/2 of size n/2

a solution to a solution to
subproblem 1 subproblem 2

a solution to
the original problem

Dr. BC Note: According to this definition, Merge Sort and Quick Sort comes
under divide and conquer (because there are 2 sub-problems) and Binary
Search comes under decrease and conquer (because there is one sub-problem).



Divide-and-Conguer Technigue (cont.)
I,
Infeachistibdnasion step; the: smallerinstances shotlciave

APPoX: the'same Sizel
This might not happen, for: some particular instances

All'smaller problem instances have to be solved !
Ustally twoe new smaller instances, at each step

V\/Ien clo we stopr the sulbdivision pProcess?
B5aSe Cases? Just one or more?
SmalleFInstances mIght e SeIVE Y anotheralgorthm

111
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Divide-and-Conguer Technigue (cont.)

['hiS recursive strategy can be implemented
Using recursive functions / procedures (obvious solution)

Iteratively, using a stack, queue, etc.
Choose whichisub-problem to solve next

Problems?

RECURSIONNSISI O
Identify all possible base cases
Solve small'instances using other algorithms
Not the best approach for simple problems
e.0., adding N numbers
Sub-problems might overiap!
Reuse previous results / solutions

[11.



Divide-and-Conguer Examples

Sorting: Mergesort and Quicksort

Binary tree traversals

Multiplication ofilarge Integers

Matrix multiplication: Strassen’s algorithm
Closest-pair and convex-hullralgorithms

111
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General Divide-and-Conguer RECUrEENCE

rVru
Assume, n = bX, where k> 1 and b is typically 2

et Ti(n) be an eventually non-decreasing function that
satisfies the recurrence for the running time

1i(n) = ali(n/b) + f(n)

An Instance of size n can be divided into b instances

of size n/b, with a of them needing to be solved.

a : number of smaller instances (a = 2) needing to be solved

b : size factor (integer, b = 2)

f(n) s numiber ofiops (or time) for defining smaller instances and/or:
combining their results

11
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Master: Ttheorem
I,

Ifi f(n) e ® (n%), d=0

Ifa<bl, T(n) e 6G(n°

Ifa=Dbo, T(n) e G logn)

Ifa>Dbo, T(n) e ®(n'°Ib) - :
Can we simplify this?

Note: The same results hold with © and Q too.

Examples: Ti(n) = 4T(n/2) + n = T(n) e RO RS
) =R 2=l (@S 4=22| T(n) € O(n? log n)
T(n) = 4T(n/2) + ni* = Ti(n) cIP¥E OEED,
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Master Ttheorem
If f(n) e ® (9, d=0

Ifa<bl, T(n) e 6G(n°
Ifa=hd  T(n) e 6(nlog n)
Ifa>Dbd,  Ti(n) e O(n'°dba)

You cannot use the Master Theorem If
i(n)iIS net moenetene, ex: () =sinn
T(n)iis not a pelynemial; ex: Ti(n) = 21Ti(n/2 ) + 2-
0;cannot e expressedias a constant; ex: Ti(n) = h(sgrt(n))

(11,
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MEFgEeSort
I
Split array A[0..n-1] i two about equal halves and make
copies ofieach half in arrays Brand C

Sort arrays B and € recursively.

Merge sorted arrays B and C into array A as follows:

Repeat the following until no elements remain in one ofi the arrays:

compare the first elements in the remaining unprocessed portions of
the arrays

copy. the smaller of the two into A, while incrementing the index
Indicating the unprocessed portion of that array

Once all'elements in one ofi the arrays are processed, copy. the
remaining unprocessed elements from the other array into A.

10



Pseucdocode off Mergesort

ALGORITHM Mergesort(A[0..n — 1])
/[Sorts array A[0..n — 1] by recursive mergesort
/[/Input: An array A[0..n — 1] of orderable elements
/[/Output: Array A[0..n — 1] sorted in nondecreasing order
ifn>1

copy A[0..|n/2] — 1] to B[0..|n/2] — 1]
copy A[|n/2]..n — 1]to C[0..[n/2] — 1]
Mergesort(B[0..|n/2] — 1])
Mergesort(C[0..[n/2] — 1])

Merge(B, C, A)

| Yy
iid
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Pseucocode of: Merge

ALGORITHM Merge(B[0..p — 1], C[0..qg — 1], A[0..p +¢q —1])

/IMerges two sorted arrays into one sorted array
/nput: Arrays B[0..p — 1] and C[0..g — 1] both sorted
//Output: Sorted array A[0..p + ¢ — 1] of the elements of B and C
[ < 0; j <0, k<0
while i < pand j < g do

if Bli]| < C|j]

Alk] < Bli]; i < i +1

else A[k] < C[j]; j«<j+1

k<—k+1
ifi =p

copy Clj..g — 1]to Alk..p + g — 1]
else copy B[i..p — 1] to Alk..p + g — 1]
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Mergesort Example
Iy

Assuming for simplicity that nis a
power of 2, the recurrence relation for
the number of key comparisons C(n) IS pxexy
C(n) =2C(n/2) + Cppge(n) forn>1,

C(1) = 0.

83297154

OB HEOBHBHDB

12345789

4
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Analysis off MergesSort
r'rs

rVru
Using Master: Tiheorem:

- splitting array into two halves/approx. equal-sized
subarrays at each recursive step (hence, a =2 and b= 2)

-- the overhead f(n)/s the cost of Merge subroutine

- Merging two sorted sub-arrays into one larger array.
(Whose size equals the sum ofithe two subarray SIZes) Is
O(n)

Cuorst(N) = 2C,0r5¢(n/2) + n — 1

111
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Analysis of: MergeSort
f11.

Cworst(n) = chorst(n/z) +n—1

Hence, by Master Ttheorem: a=2, b=2,d=1
- where d s the power in (1) = O(n)

Master Theorem:
If f(n) e ® (nY), d>0

Ifa<bd, T(n) e ©(nY)
Ifa=bd, T(n) e ©(n?log n)
Ifa>bd, T(n) e O(n'o9n?)

- jt°’s the middle case, therefore 1(n) = G(nlog n)

(&
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Analysis oft Mergesort
1.

All'cases have same efficiency: O(n log n)

Number of:comparisons in the worst case IS close to
theoretical minimum for comparison-based sorting:
Hogynil =" nilog, n = 144n

NOTE: above Is based on Information eory, not the Master
Tiheorem

For large n, We can safely ignore the -1.44n term
Space reguirement: ®(n) (not in-place)

Stable algorithm

16



\ariations oft IMergesort (lbonus topic)
1.
Can be iImplemented Without recursion (bottom-up)
Steps:

Merge pairs of array’s elements
Merge the sorted pairs
Continue this way.

Avoids time and space overhead ofiusing stack to handle recursive
calls

Multiway Mergesort

Steps:
DIVIGEINIMOKRE than 2 parts
Sort each recursively.
Merge them together

Particularly useful for disk-based sorting of files

111
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Quicksort
I,
Select a pivot (partitioning element) — here, the first
element

Rearrange the list so that all the elements in the first s
positions are smaller than or equal to the pivot and all the
elements in the remaining n-s positions are larger than or
equal to the pivot

Alil<p Ali]>p
Exchange the pivot with the last element in the first (1.e., <)
subarray — the pIvot IS now In its final position

SOFt the two subarrays recursively .



QuickSort Partition

Pick pivot: 7 |12 1|8

Partition 7 |2 |8

with cursors

2 goes to 7 8

less-than

111

r'rr
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QuickSort Partition (cont’d)
I'r

6, 8 swap 7 3 |5 |9
less/greater-than

3,5 less-than 7
9 greater-than

Partition done.
Recursively !
sort each side.

111
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Quicksort Algorithm

ALGORITHM Quicksort(A[l..r])
[ISorts a subarray by quicksort
[Input: Subarray of array A[0..n — 1], defined by its left and right

/i indices [ and r

[fOutput: Subarray A[l..r]sorted in nondecreasing order
ifl <r
s «—Partition(A|l..r]) //s is a split position
Quicksort(A[l..s — 1])
Quicksort(Als + 1..r])

21



Hoare’s Partitioning Algorithm

ALGORITHM HoarePartition(A|l..r])

/(Partitions a subarray by Hoare’s algorithm, using the first element
I as a pivot

/Maput: Subarray of array A[0..n — 1], defined by its left and right
If indices/andr ([ =r)

[/{Output: Partition of A[l..r], with the split position returned as

/l this function’s value

p < All]

P j—r+1

repeat
repeati «— i + luntil Ali| = p
repeat j «— j — luntil A[j]<p
swap(Ali], A[j])
until 1 = §
swap(Ali], A[j]) /undo last swap wheni = j
swap(A[l], A[j])
return j




. my
=

UICKSOKL

OICQSLIKE
CKOGSUIL

cikog Ut
cikogrs it

CIKOQISEU

Wait. What happened to

sorting this part (between
the k and the q)?

{11,

23



Ksort Example

QuiC

O BT Y s

21
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Analysis of: QUICKSOIL
1.
Best case: split in the middle — G(n log n)
Crest(N) = 2C,(N/2) + N forn> 1,

Cpoei(1) = 0.
MEBEER ThEorem Master Theorem:
SZNEZREEN | fn) c © (n9), d>0
a ? b Ifa<bd, T(n) e O(nd)
2= 2! Ifa=bd, T(n) e ©(n?log n)
@(n |Og n) Ifa> bd, T(n) S @(nlog ba)

\Worst case: sorted array! — O(n?)
(n+1)(n+2)

—3e€0m)

Cpors:(n) = (n + D+n+---+3=

111
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Analysis of: QUICKSOIL

AVerage case: random arrays — ©(n log n)

nm—1

| +— .
Capgln) = - Elin + 1) + Cappls) + Capgln — 1 —5)]| fornm =1,

]
Eﬂ g “:I' )= 1:I': Eﬂ g ” b = .

Its solution, which is much trickier than the worst- and
best-case analyses, turns out to be
C,g(m) = 2n In n = 1.39n log, n.

Thus, on the average, quicksort makes only 39% more
comparisons than in the best case.

Moreover, its iInner most loop is so efficient that it usually runs
faster than mergesort on randomly ordered arrays of nontrivial
SizZes.

| Yy
1id
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Analysis ofi QuICKSOrt
PRSI0 I

Improvements:
petter pivot selection: median-of-three partitioning
switch to isertion sort on small subfiles/subarrays
elimination ofi recursion
Three-way partition
Tihese combine to 20-25% Improvement

Considered the method ofichoice for internal sorting of
large files (n = 10000)

111
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