CS 395 — Analysis ol Algorithms

Chapter 6 — Trransform-and-Conguer:
Read 6.1 & 6.2

Trranstorm-and-Conguer: Technigue
Basic Idea

Presorting THAT'S THE SECRET TO LIFE _
Gaussian Elimination REPLACE ONE WORRY WITH ANOTHER

e




Transform-and-Conguer:
f11.

TWwWo-stage procecure:
Transformation stage: problem’s instance modified to be
moreamenaniertoseltition:
Conguering stage: the problemiis solvead

Three Tiransformation vVariations:
a simpler/more convenient instance ofithe same problem
(instancestmplification)

a cifferent representation ofithne samenstance
(Fepresentauon cnange)

a cifferent propvlem for which an algorithmiis already.
availableNproblemireauctan)

How does a mathematician boil water in a kitchen that is on fire?

11




i

| g

il

Transform-and-Conguer: strategy

simpler instance
or

problem’s e another representation
Instance or
another problem’s instance

—-

solution



Instance simplification - Presorting
172
Solve a problem’s instance by transforming it Into another
simpler/easier imstance of: the same problem

Presorting

Many problems mvolving lists are easier when list IS sorted, e.g.
searching

computing the mediani (selection problem)
checking ifrall’elements are distinct (element tunigueness)

AlSo:

Topological sorting helps solving some problems for DAGS.
Presorting Is used in many: geometric algorithms.
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Searching with presorting '

Problems: Search for a given Kiin A[0..n-1]

Presorting-based algorithm:
Stage 1 Sort the array by an efficient sorting algorithm
Stage 2 Apply binary search

Efficiency: O(nlog n) + O(log n) = G®(nlog n)

G0o0d or had?

\Why do we have our: dictionaries, telephone directories, etc.
sorted?



Element Unigqueness with presorting '

rrau

Presorting-based algorithm
Stage 1: sort by efficient sorting algorithm (€.9. mergesort)
Stage 2: scan array to check pairs ofiadjacent elements
Efficiency: O(nlog n) + O(n) = B(nlog n)

Brute force algorithm
Compare all pairs of elements

Efficiency: O(n?)

111



| g

144

Instance simplification — Gaussian Elimination

rra
Given: A system ofin linear equations in n unknowns With
an arbitrary coefficient matrix.

Transtorm to: An equivalent system of n linear equations in
niUnKknownsSWWiIthran tpPER thangiil 2 COefhCIent matrn:

Solve the latter by substitttions starting with the last
equation: and moving up to the first one.



Pseudocode ofi Gaussian Elimination

ALGORITHM ForwardElimination(A|L.n, 1.n]. b|1..n])

[[Applies Gaussian elimination to matrix A of a system’s coefficients,

[faugmented with vector b of the system’s right-hand side values
/Mnput: Matrix A|1..n, 1..n] and column-vector b|1..n]

HOutput: An equivalent upper-triangular matrix in place of A with the
[lcorresponding right-hand side values in the (n + 1)st column
fori < 1tondo Ali,n+ 1| < b[i] /augments the matrix
fori —1ton—1do
for j <1+ 1tondo
fork «<—iton+1do
Al k) < Alj. k] — Alr, k] = Alj, 1]/ Al1, 1]

Can you see the issue here?




Instance simplification — Gaussian Ellmlnatlgrh

Ay X+ aX,+ ... +a X, = by Ay Xyt 8%+ ... +a X, = bl
850Xy + 8ot ... + 8, X, = D, BopXoF eee + A%, = D,
anlxl + an2X2 T T anan — bn anan — bn

In matrix notations, we can write this as

Ax=5h — A'x = .I!'."'r._
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Gaussian Elimination (cont.)

rrr

- - - rrau
['he transformation s accomplisned by a Sequence of elementary/
operations on the system’s coefficient matrix (which don’t

change the system’s solution):

for <1 to n-1 do
replace each ofithe subsequent rows (Ite., rFows I+1, ..., n) by
a difference between that row and an appropriate multiple
ofithe I-th row to make the new coefficient in the I-th column

ofithat row 0
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Example of: Gaussian Elimination

2yij—m4+ =1
dxi 4+ x2—x3=13
+xm+x=I0

row 2 — % row 1
Stage B row 3 — 3'_,; row 1

Forward
Elimination

— = rnwE—-}rnwE

1
-3 3 Stage 2:

2 =2 Back
Now we can obtain the solution by back substitutions: | Substitution

X1 = 'I:—E:II.I'IZ = —1, X = [3 — {—3}13],"'3 — 1, and X = [1 — X3 — {—1].-‘1.‘2},"'2. = 1.




Pseudocode ofi Gaussian Elimination

ALGORITHM Forward Elimination(A|L.n, L.n|, b|1..n|)

[[Applies Gaussian elimination to matrix A of a system’s coefficients,

[faugmented with vector b of the system’s right-hand side values
{Mnput: Matrix A|1l.n, 1.n|and column-vector b|1..n|

HOutput: An equivalent upper-triangular matrix in place of A with the
[lcorresponding right-hand side values in the (n + 1)st column
fori —ltondo Ali, n+ 1]« b[i| /augments the matrix
fori —1ton—1do
for j <1+ 1tondo What if A[I, I]: 0
fork «<—iton+1do
Al k| —Alp k| — Alr, k] = Al 1] [ Al 1

How often does A[j, i}J/A[l, i] change?
Could we avoid this expensive operation?




Pseudocode ofi Gaussian Elimination

ALGORITHM Better Forward Elimination(A|1..n, 1..n], b|1..n])

/Mmplements Gaussian elimination with partial pivoting
[Mnput: Matrix A[1..n, 1..n] and column-vector b[1..n]
{Output: An equivalent upper-triangular matrix in place of A and the
[lcorresponding right-hand side values in place of the (n + 1)st column
for i «— 1tondo Ali, n + 1] — b[i] /fappends b to A as the last column
fori «— lton —1do
prUotrow <— |
for j «— i1+ 1tondo
if |A[j. ]| = |A|pivetrow, i]| pivotrow «— j
fork «—iton+1do
swap(Ali, k], Alpivotrow, k|)
for j «— i1+ 1tondo —
temp — A[j.i]/ Ali,i]| More efficient
fork «— i ton+ 1do
Alj. k] — Al). k] — Ali, k] * temp

Partial Pivoting




Pseudocode ofi Gaussian Elimination

Stage 2: Back substitutions
for j<— n downto 1 do

t<— 0
fork < j+1tondo
t<— t+ Aj, k] * X[K]
X[J] < (Alj; n+1] =) 7 Al); |]

Efficiency: O(n°) + O(n?) = O(n°)

Forward Back
Elimination B Substitution
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